Abstract. The energy spectrum of the two-dimensional cavity magnetoexciton-polaritons has been investigated previously, using exact solutions for the Landau quantization (LQ) of conduction electrons and heavy holes (hhs) provided by the Rashba method. Two lowest LQ levels for electrons and three lowest Landau levels for hhs lead to the construction of the six lowest magnetoexciton sates. They consist of two dipole-active, two quadrupole-active, and the two forbidden quantum transitions from the ground state of the crystal to the magnetoexciton states. The interaction of the four optical-active magnetoexciton states with the cavity-mode photons with a given circular polarization and with well-defined incidence direction leads to the creation of five magnetoexciton-polariton branches. The fifth-order dispersion equation is examined by using numerical calculations and the second-order dispersion equation is solved analytically, taking into account only one dipole-active magnetoexciton state in the point of the in-plane wave vectork k ¼ 0. The effective polariton mass on the lower polariton branch, the Rabi frequency, and the corresponding Hopfield coefficients are determined in dependence on the magnetic-field strength, the Rashba spin-orbit coupling parameters, and the electron and hole g-factors.
Introduction
In the previous papers 1,2 dedicated to the two-dimensional (2-D) cavity magnetoexciton-polaritons, the dispersion laws of the seven lowest energy branches were described at some discreet values of the external static magnetic-and electric-field strengths. This topic is multilateral, because it depends on many parameters and includes four types of interactions such as the Lorentz force, the Rashba spin-orbit coupling (RSOC), the Coulomb potential, and the cavity-photon influence. The nonparabolicity (NP) of the heavy-hole (hh) dispersion law also must be taken into account. In this paper, we continue the studies of the energy spectrum in dependence on the broad range of the magnetic-and electric-field strengths. We consider 2-D coplanar electron-hole (e-h) systems in the quantum well (QW) embedded into a microcavity in the presence of the perpendicular strong magnetic and electric fields. The starting phenomena, which determine the main properties of the system, are the Landau quantization (LQ) of the 2-D electron and hole states accompanied by the RSOC and the Zeeman splitting (ZS) effects. In the case of hhs, there is also the NP of their dispersion low induced simultaneously with the thirdorder chirality terms by the external electric field. [3] [4] [5] [6] Exact solutions of the LQ were obtained in Refs. 5-7 using the Rashba method 8 and taking into account the RSOC, ZS, and NP. In the case of the conduction electrons with the first-order chirality terms, the exact solutions, supplemented only by adding the influence of the ZS effects, were obtained earlier by Rashba. 8 The fourthorder terms in the wave vector components of the type k 4 with the amplitude proportional to the electric-field strength, as well as the third-order chirality terms, 3, 4 were introduced in Refs. 5-7 to avoid the unlimited penetration of the hh energy spectrum inside the semiconductor energy gap. Such penetration is stimulated by the third-order chirality terms and it threatens by the collapse of the usual semiconductor band structure, which remains unchanged in reality. The exact solutions mentioned above were used to calculate the Hamiltonians describing the Coulomb electron-electron in the second-quantization representation, as well as the electron-radiation interactions. On their base, the magnetoexciton energy spectrum and the Hamiltonian describing the magnetoexciton-photon interaction were deduced. 1, [9] [10] [11] To calculate the magnetoexciton energy spectra, we have taken into account only two lowest Landau levels (LLLs) ðe; R i Þ with i ¼ 1;2 for electrons and three LLLs ðh; R j Þ with j ¼ 1;2; 3 for hhs. Their combinations give rise to six lowest magnetoexciton energy levels denoted as F n ¼ ðe; R i ; h; R j Þ with n ¼ 1;2; : : : ; 6. The corresponding energy levels calculated for the GaAs-type QW with their dependences on the magnetic-and electric-field strengths depicted in Figs. 5-7 of Ref. 1 represent: two dipole-active branches, two quadrupole-active branches, and two forbidden branches in both approximations. These results will be used in this study. Recently, much attention was attracted to the experimental investigations of the influence of a perpendicular magnetic field on the cavity polaritons. [12] [13] [14] [15] [16] [17] To the best of our knowledge, the strength of a magnetic field used in the experimental studies did not exceed 14 T. From the experimentally observed phenomena, one can mention the suppression of the superfluidity, the density-dependent ZS, [14] [15] [16] the transverse-electric transverse-magnetic splitting of the cavity modes, and the Faraday rotation of the plane polarization of the light passing through the microcavity. Pietka et al. 17 used a magnetic field as a tuning parameter for exciton-and cavity-photon resonances changing the exciton energy, its oscillator strength, the polariton linewidth, and the distribution of the polariton population along the dispersion curve. All these phenomena were discussed on the base of the Wannier-Mott exciton (WME) structure, taking into account the influence of the magnetic field of arbitrary strength in the frame of the hydrogen interpolation model elaborated in Ref. 18 . The advantage of this model is the possibility to take into account the action of the Coulomb potential created by the proton on the electron as well as of the Lorentz force created by the magnetic field. In contrast, the LQ of electrons and holes is equally taken into account in our approach, whereas the electron-hole binding energy is considered to be much smaller than the cyclotron energies. The most unusual behavior, which is revealed in our model, is related to the nonmonotonous dependences on the magnetic-field strength of the energy spectra of the all implicated quasiparticles. They are exclusively dictated by the influence of the perpendicular electric field through the chirality terms determining the RSOC. The cavity photons are the second components of the polaritons. In Sec. 3, we consider the experimental data of Ref. 17 and compare the behavior of the Wannier-Mott excitons and the magnetoexcitons for different values of the magnetic field.
Unlike to the magnetoexcitons with wave vectorsk k oriented in-plane of the QWs, the cavity photons have the wave vectorsk, which is arbitrarily oriented in the three-dimensional (3-D) space of the microcavity and can be expressed in the formk ¼ã 3kz þk k , whereã 3 is the unit vector perpendicular to the surface of the QW and oriented along the axis of the resonator.
Due to the space quantization, thek z component has two discrete valuesk z ¼ AEπ∕L c , where L c is the length of the resonator. Two different values of the wave vectork ↑↓ ¼ AEðπ∕L c Þã þk k determine two directions of the oblique incidence of the cavity photons on the QW, which are embedded in it with the same in-plane componentk k but with oppositek z components. The gyrotropy effects appearing in the system can be revealed changing the sign AE of the circular polarizationsσ AE k of the cavity photons at the given orientation ofk, or changingk ↑ byk ↓ at the given sign of the circularity. As it will be shown below, the energy spectrum of 2-D cavity polaritons for these conditions is different. According to Ref. 17 , the magnetic field changes the electron structure of the 2-D Wannier-Mott exciton leading to the shrinkage of its orbital wave function and to the Zeeman effect. As a result, the polariton emission spectra are modified in the same manner. One of them is the shift of the exciton energy level due to the diamagnetic and Zeeman effects, leading to the global shift of the polariton states with the increase of the field strength. The experimental investigations of Ref. 17 were effectuated using the 8-nm-thick In x Ga 1−x As single QW with x ¼ 0.04 characterized by the exciton parameters E x ¼ 1.48 eV, binding energy 7 meV, and relative motion mass 0.046m 0 . The detuning δ between the cavity photon and exciton energies taken at zero magnetic field and at zero in-plane wave vector k k ¼ 0 was chosen close to zero, δ ¼ E c − E ex ¼ −0.09 meV. For these conditions on the lower polariton (LP) branch, the energy shifts are stronger in the range of high values of the in-plane wave vectorsk k , where the dispersion law is exciton-like, and are smaller in the range of small wave vectorsk k , where the LP branch is photon-like. The magnetically induced detuning gives rise to a deep dispersion law of the LP branch as it can be seen from Fig. 1 of Ref. 17 . This detuning leads also to the redistribution of the polariton densities along the dispersion curves. The field inducing the shrinkage of the exciton wave function directly influences on the exciton-photon interaction energy and changes the exciton oscillator strength, characterizing the quantum transitions from the ground state of the crystal to the Wannier-Mott exciton states, as well as the vacuum Rabi splitting Ω which in the given sample is equal to 3.5 meV (Ω ¼ 3.5 meV). The changes of the exciton wave function also influence the exciton-phonon interaction energy, leading to the variation of the polariton linewidth. Consequently, the polariton emission line becomes wider-up to 0.8 meV at 14 T in the excitonic range of spectrum and up to 0.13 meV when the state is mostly photonic. At zero magnetic field, the width of polariton line is 0.3 meV. In Ref. 17 , the ZS of the LP branch was investigated experimentally. It was observed that the ZS changes the exciton Hopfield coefficients and can be modeled by independent coupling of the two exciton-spin components forming the bright exciton states with the cavity photons. Pietka et al. 17 have shown the diversity of the magnetoexciton effects already in the linear regime even without nonlinear effects such as the bosonic stimulation and the Bose-Einstein condensation (BEC) of the cavity exciton-polaritons.
The ZS effects for the condition of the BEC of the 2-D cavity exciton-polaritons subjected to the influence of the magnetic field up till 9 T applied to the microcavity in the Faraday geometry were investigated by Sturm et al. 19 The hh g-factors in the GaAs-type QWs were investigated in Refs. 20-24. The successive polariton condensations have been observed on each of the two polariton-spin components with two distinct threshold powers. The nonmonotonous changes of the ZS of the polariton branches as well as of the corresponding circular polarized emission lines were measured across the condensation threshold powers. The revealed properties differ essentially from the exciton-spin-Meissner effect predicted in Ref. 14. The latter is characterized by the suppression of the ZS of polariton branches for the magnetic-field strength in the range of up till the critical value B cr and is equivalent to the expulsion of the magnetic field from the system in analogy with the physics of superconductors. The notion of the half-quantum vortices in the applied magnetic field was introduced in Ref. 25. This paper is organized as follows. In Sec. 2, the Hamiltonians describing the 2-D magnetoexcitons, cavity photons, and their interaction are presented. Numerical calculations of the dispersion laws and their dependences on the magnetic-and electric-field strengths are presented in Sec. 3. We conclude in Sec. 4. E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 1 ; 1 1 6 ; 1 8 2
where H 0 mex looks as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 2 ; 1 1 6 ; 1 3 6
It is expressed through the magnetoexciton creation and annihilation operatorsψ þ ex ðF n ;k k Þ andψ ex ðF n ;k k Þ, which are determined as follows:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; s e c 2 ; 1 1 6 ; 7 0 1 F n ¼ ðe; R i ; h; R j Þ; i ¼ 1;2; j ¼ 1;2; 3; n ¼ 1;2; : : : ; 6;
where a
are the electron and hole creation operators in the states ðe; R i Þ and ðh; R j Þ, respectively, whereas l 0 is the magnetic length.
The magnetoexciton energy branches E ex ðF n ;k n Þ depend on the 2-D in-plane wave vectork k and following Eq. (66) of Ref. 1 consist from some parts E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 4 ; 1 1 6 ; 6 2 4
where E 0 g is the semiconductor energy gap, and E e ðR i Þ and E h ðR j Þ are the energy levels of the electron and the hh in their states of LQ accompanied by the RSOC, ZS, and NP of the dispersion law. I ex ðF n ; 0Þ is the ionization potential of the magnetoexciton with wave vectork k ¼ 0, arising due to the Coulomb electron-hole attraction and MðF n ; BÞ is the effective magnetic mass. The values E ex ðF n ; 0Þ and MðF n ; BÞ in dependence on the magnetic-field strength were represented in Figs. 5-8, respectively, of Ref. 1 .
The Hamiltonian of cavity photons with circular polarizationsσ AE k has the form E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 5 ; 1 1 6 ; 4 9 2
The photon creation and annihilation operators with different circular σ AE k and linearẽk ;1 ,ẽk ;2 polarizations are determined as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 6 ; 1 1 6 ; 4 2 2
The circular polarization vectorsσ M h characterize the quantum states of the hhs in the frame of the p-type valence band with the magnetic numbers M h ¼ AE1. They are expressed through the in-plane unit vectorsã 1 andã 2 . The unit vectorã 3 is perpendicular to the QW plane. The energy spectrum of the cavity photons propagating with arbitrary 3-D wave vectork ¼ã 3kz þk k inside the resonator with the length L c and with the spacer refractive index n c is ℏωk ¼ ℏcjkj∕n c .
In the case of a small in-plane component jk k j of the photon wave vectork as compared with the quantized longitudinal component jk z j ¼ π∕L C , the cavity photon dispersion law is given by Eq. (64) of Ref. 1 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 7 ; 1 1 6 ; 1 3 7
The magnetoexciton-cavity-photon interaction Hamiltonian taking into only the resonance terms and neglecting by the antiresonance ones is described by Eq. (79) of Ref. 1 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 8 ; 1 1 6 ; 7 1 1
The circular polarization vectorsσ E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 9 ; 1 1 6 ; 5 5 3σ
They lead to the resultant expression E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 0 ; 1 1 6 ; 3 8 7σ
and to the geometric selection rules E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 1 ; 1 1 6 ; 3 2 8
They depend not only on the sign AE of the circular polarization vectorsσ AE k , but also on the sign of the longitudinal projection k z ¼ AEπ∕L c . One can change the geometric selection rules changing the sign of the light circular polarization at a given sign of the k z projection or changing the sign of the k z projection at a given sign of the circular polarization. Changing the both signs simultaneously, the geometric selection rules remain unchanged. These rules can be better represented introducing the photon wave vectorsk ↑;↓ ¼ AEðπ∕L c Þã 3 þk k and paying attention that the geometric selection rules are the same in the cases of the circular polarizationsσ AE
. It means that the geometric selection rules depend not only on the sign of the circular polarization AE, but also on the direction along which the photon incidents on the surface of the QW, whether along the magnetic-field direction or from the opposite side.
In the approximation of the small values jk k j, we have E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 2 ; 1 1 6 ; 7 2 3
The coefficients φðF n ;k k Þ determining the Hamiltonian [Eq. (8)] were expressed by Eq. (80)
2 ;
2 ; The equations of motions for four magnetoexciton annihilation operatorsψ ex ðF n ;k k Þ with n ¼ 1;3; 4;5 as well as for the cavity-photon annihilation operator C~k ;AE were deduced in Ref. 1, see Eqs. (81) and (82). For the stationary conditions, they look as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 4 ; 1 1 6 ; 2 6 5
If there are only photons with one circular polarization, eitherσ
in the microcavity and the Hamiltonians [(Eqs. (5) and (8)] contain only the corresponding photon operators, the equations of motion lead to the following relations between the exciton and the photon operators E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 5 ; 1 1 6 ; 1 6 3ψ ðℏω − ℏωkÞ ¼ jðσ
These fifth-order algebraic dispersion equations describe the interaction of four magnetoexciton branches with the cavity-photon branch with a given circular polarization eitherσ
The energy of the cavity mode ℏω c in Refs. 1 and 2 was tuned to the energy of the selected magnetoexciton energy level at the given value of the magnetic-field strength B to investigate the polariton dispersion law in the vicinity of this level. Two different values of the magnetic-field strength 20 and 40 T were used, and two different values of the magnetoexciton energy levels were considered. In these calculations, the different cavity-mode energies ℏω c ðBÞ were taken to obtain the same relative detuning between the magnetoexciton and the cavity-mode energies.
At the same time, the case with a fixed value of the cavity-mode energy ℏω c independent on the magnetic field strength is interesting. In this case, the detuning between two mentioned energies will depend on B.
To this end, the detuning of the cavity-mode energy as regard the semiconductor band energy gap E 0 g is introduced and the following denotations are used:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 7 ; 1 1 6 ; 4 9 4
E ex ðF n ;k k Þ ¼ E ex ðF n ;k k Þ − E 0 g ¼Ẽ ex ðF n ; 0Þ þ ℏ 2k 2 k 2MðF n ; BÞ ; E ex ðF n ; 0Þ ¼ E ex ðF n ; 0Þ − E 0 g ; ℏω − E ex ðF n ;k k Þ ℏω c ¼ ε þ δ −Ẽ ex ðF n ; 0Þ ℏω c − n 2 c ℏω c MðF n ; BÞc 2 · 
For the opposite circular polarizationsσ
, we obtain E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 9 ; 1 1 6 ; 1 9 8 
The factors ð1 − 
Energy Spectrum of the Magnetoexciton-Polaritons. Numerical Calculations
To better understand the structure of magnetoexciton-polariton branches, first, it is useful to represent a picture of magnetoexciton energy levels alone. They are drawn in Fig. 1 for the in-plane wave vector pointk k ¼ 0, for a wide range of the magnetic-field strength up to 100 T and the electron and hole g-factors g e ¼ −0.5 and g h ¼ 2. Two different pictures in the presence and absence of the external electric field are exposed. The external perpendicular electric field can be created by applying the electric voltage or by the one-side doping of the QWs. For example, in Refs. 26-28, the 2-D hole gas (2-DHG) was investigated in GaAs QWs prepared in two different conditions: without and with one-side doping giving rise to symmetric and asymmetric QW samples, respectively. As will be discussed below, the LQ levels of hhs in the presence and absence of the perpendicular electric field have completely different properties. Their origin is the RSOC with the third-order chirality terms 3,4 which leads to the splitting of hh dispersion laws as the result of which the lower spinor branch has the dependence 9 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 0 ; 1 1 6 ; 5 0 1
where E z is the electric-field strength and β is the constant of the RSOC. Such dispersion law reveals an unrealistic unlimited penetration inside the semiconductor energy gap. It means that the perpendicular electric field simultaneously with the third-order chirality terms induces also the positive fourth order in the wave vector jk k j term of the type jγE z jjk k j 4 , which being added to the dispersion law [Eq. (20)] permits to stabilize the hh dispersion law and to avoid the collapse of the semiconductor energy band structure. 6, 9 In Refs. 1 and 2, calculations of the LQ under the influence of the RSOC, taking into account the NP of the hh dispersion law were performed on the base of exact solutions, which were obtained using the Rashba method. 8 The nonmonotonic dependence of the hh dispersion law on the wave vector jk k j leads to nonmonotonic dependences of the LQ levels on the magnetic-field strength B with intersections and overlapping between them. Below, the NP term is denoted by C instead of the parameter γ used in our calculations of Refs. 1 and 2. It can be estimated using the magneto-photoluminescence spectra of the 2-DHG in the presence of the photogenerated electrons in the GaAs QWs investigated by Bryja et al., Wojs et al., 27 and Jadczak et al. 28 The samples were prepared in two variants in symmetric and asymmetric fashions. It means that the LQ of the 2-DHG as well as of the photogenerated electrons under the influence of the perpendicular magnetic field was effectuated in the absence (symmetric samples) and in the presence (asymmetric samples) of the external field. The strength of E z and the value of the parameter C can be estimated examining from the obtained photoluminescence spectra, which have not been done in Refs. [26] [27] [28] . We consider the data obtained for the emission lines generated by the acceptor-bound trion complexes AX þ . Such complexes consist of the acceptor A − photogenerated electron e and of three holes in the following way Fig. 2 . The complexes AX þ give rise to the simple recombination lines named as AX þ arising due to the radiative recombination of the electron-hole pairs entering in their compositions as well as to the Auger recombination lines. The latter lines appear when the annihilations of the e-h pairs are accompanied by the excitation or by the de-excitation of the leftover acceptor bound holes to the higher or to the lower Landau levels, respectively, as it is shown in Fig. 2 . In the first case, the Auger recombination is known as the shake-up process, [29] [30] [31] [32] [33] whereas in the second variant, it is named as the shake-down process. In the case of spinless holes with parabolic dispersion law in the absence of the external electric field (E z ¼ 0, C ¼ 0), the distance between the adjacent Landau energy levels equals to the cyclotron energy ℏω ch . The Auger recombination lines AX þ SU 1 and AX þ SU 2 well separated from the AX þ luminescence line were observed in Ref. 26-28 using symmetric samples. According to Ref. 26 , an unusual Auger recombination line denoted AX þ CR was observed in asymmetric cases in the presence of the external electric field (E z ≠ 0, C ≠ 0). It is represented in Fig. 2(a) together with the line AX þ . For small values of the magnetic-field strength B, the line AX þ CR looks as the SU line, whereas with the increase of B, its spectral position continuously shifts toward the high-energy side crossing consecutively all trion and exciton lines and becoming finally the SD line.
In Fig. 2(a) , the intersection between the luminescence lines AX þ and AX þ CR takes place at the point B ¼ 5.64 T, whereas the distance between them on the energy scale in the point B ¼ 15 T equals to 2.5 meV. The unusual behavior of the line AX þ CR is due to the nonmonotonous dependence of the hh energy levels E − 3 and E − 4 on the magnetic-field strength B as shown in Fig. 2(b) . To obtain a good agreement between theoretical and experimental results, we have to select the unknown parameters of the theory: E z ¼ 10 kV∕cm and C ¼ 19.1, if the electron and hh g-factors are g e ¼ −0.5 and g h ¼ 2. It means that, in the experiment, [26] [27] [28] the GaAs QW asymmetric samples were subjected to an effective electric field E z ¼ 10 kV∕cm, and in our numerical calculations we use the parameters E z ¼ 10 kV∕cm and C ¼ 20. Figure 3 shows dispersion laws for five magnetoexciton-polariton branches and for two magnetoexciton branches forbidden in the optical transitions in the absence of the external electric field E z ¼ 0. It means that the LQ takes place including the ZS, but without RSOC and without NP of the hh dispersion law. Contrary to the previous calculations of Refs. 1 and 2, the cavity-photon resonance value E c is chosen the same for different values of the magnetic-field strength B. The cavity detuning Δ ¼ E c − E 0 g of the value E c as regards the QW energy band gap E 0 g was introduced. It does not depend on B. The detuning between the cavity-mode energy E c and the magnetoexciton energy E ex ðF n ; 0Þ changes depending on the magnetic-field strength. This variant is similar to that discussed in Ref. 17 . The initial detuning Δ was chosen so that it ensures the efficient reciprocal influence of the cavity photons and magnetoexcitons. In Fig. 3 , the value of Δ was selected to be −2 meV and it is −7 meV in Fig. 4 . The difference between them is due to the difference between the magnetoexciton level energies in the presence and absence of the external electric field.
In contrast to Figs. 5-7 of Ref. 1, where the different combinations of the electron and hole g-factors were investigated, in the present variant we have chosen the electron and hole g-factors equal to g e ¼ −0.5 and g h ¼ 2. This leads to the exciton g-factor g ex ¼ g e þ g h ¼ 1. The dispersion laws are represented for four different values of the magnetic-field strength B changing in the interval from 10 to 40 T. In the interval 0 to 10 T, the Wannier-Mott structure of the exciton dominates and the magnetoexcitons in GaAs-type QW s do not exist.
The effective polariton mass for different polariton branches at the point jk k j can be calculated introducing the notations E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 1 ; 1 1 6 ; 2 4 2 E P ðF n ;k k Þ ¼ E c ð0ÞfðF n ; xÞ; x ¼ jk k jL c π Figure 5 shows results of the numerical calculations of the effective mass for the LP branches at the point x ¼ 0. The Rabi splitting of the two polariton energy branches is determined by the difference between the energies of the upper polariton and LP branches at the point x ¼ 0. The splittings at different values of the magnetic-field strength were determined using Figs. 3 and 4 and are shown in Fig. 6 . Figure 7 shows the dispersion laws of the different magnetoexciton-polariton energy branches in the range of magnetic-field strength from 10 to 40 T for the case of RSOC with the parameters E z ¼ 10 kV∕cm and C ¼ 20. In contrast to Figs. 3-5, the electron g-factor g e ¼ 1 and the hh g-factor g h ¼ 5 were chosen to demonstrate the essential influence of the ZS effects on the polariton branches' structure.
At the point x ¼ 0, the fifth-order dispersion equations [Eqs. (18) and (19)] become quadratic containing only one dipole-active magnetoexciton level equal to F 1 and F 4 , respectively, interacting with cavity photons with wave vectork z ¼ π∕L c and with two different circular It should be mentioned that Eqs. (18) and (19) were obtained taking into account only the resonance terms of the exciton-photon interaction Hamiltonian and neglecting the antiresonance terms. This approximation is valid due to the cutoff the cavity-photon dispersion law and the absence of the photons with nearly zero energy, where the antiresonance terms could be important.
The dispersion equations [Eqs. (18) and (19) ] at the point x ¼ 0 contain in their right-hand sides only one term. Such simplified quadratic dispersion equations can be obtained using the quadratic Hamiltonians of the type E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 2 ; 1 1 6 ; 3 4 0
where ðF;σ π∕L c ; 0Þ equals to ðF 1 ;σ
Þ. The alternative approach based on the Hamiltonian [Eq. (22) ] is needed to introduce the polariton creation and annihilation operators and to deduce the corresponding Hopfield coefficients. 34 To this end, we will start with the equations of motion for the magnetoexciton and cavity-photon operators in the stationary conditions E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 3 ; 1 1 6 ; 2 2 
They lead to the algebraic relations between the operators, the second-order dispersion equation, and the upper polariton and LP branches (LPB) as follows: ½ℏω − E ex ðF; 0Þψ ex ðF; 0Þ ¼ φðF; 0ÞC π∕L c ;σ ;
½ℏω − E C ð0ÞC π∕L c ;σ ¼ φ Ã ðF; 0Þψ ex ðF; 0Þ;
½ℏω − E ex ðF; 0Þ½ℏω − E C ð0Þ ¼ jφðF; 0Þj 2 ;
Now, we introduce the polariton creation and annihilation operators corresponding to the upper polariton and LP branches at the point x ¼ 0, using the Hopfield coefficients 34 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 5 ; 1 1 6 ; 6 0 9P
Lc ;σ þ ηψ ex ðF; 0Þ;
The equations of motion for the operatorsP u andP L and the algebraic relations between the Hopfield coefficient are E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 6 ; 1 1 6 ; 4 7 2 iℏ dP u dt
Taking into account the equalities ½ℏω u − E x ðF; 0Þ 2 ¼ ½ℏω L − E C ð0Þ 2 and ½ℏω u − E C ð0Þ 2 ¼ ½ℏω L − E ex ðF; 0Þ 2 , we can write E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 7 ; 1 1 6 ; 2 9 
The coefficient juj 2 and jvj 2 calculated for the magnetoexciton state F 1 and cavity photons with circular polarizationσ 
Conclusions
The dispersion laws of the 2-D cavity magnetoexciton-polaritons were described. The energy of the cavity resonance was tuned to the semiconductor bandgap edge, whereas the detuning between the cavity photons and the magnetoexciton energy branches changed with the magnetic-field strength. The Rabi splitting between the upper polariton and the LP branches at the point with in-plane wave vectork k ¼ 0 was determined in both cases corresponding to the presence and absence of the RSOC. In the first case, the strength E z ¼ 10 kV∕cm of the external electric field perpendicular to the QW plane and the parameter of the NP C ¼ 20 of the hh dispersion law were chosen. The effective polariton mass at the pointk k ¼ 0 of the LP branch was determined in dependence on the magnetic-field strength in both cases concerning the RSOC mentioned above.
In the same conditions, the square moduli of the Hopfield coefficients, which determine the magnetoexciton and cavity-photon components of the polariton branches in the pointk k ¼ 0, were calculated. They have a nonmonotonous dependence on the magnetic-field strength in the presence of the RSOC. It is the consequence of the nonmonotonous dependence on the magnetic-field strength of the magnetoexciton energy branches when the cavity-mode energy is lying on the energy scale in the surrounding of the selected magnetoexciton branch.
